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Abstract

We propose a new approach for dealing with the estimatiomefldcation of

change-points in one-dimensional piecewise constanakligrbserved in white
noise. Our approach consists in reframing this task in aaléiselection con-
text. We use a penalized least-squares criterion with-type penalty for this

purpose. We prove some theoretical results on the estintht@oge-points and
on the underlying piecewise constant estimated functidren] we explain how
to implement this method in practice by combining the LARaaithm and a re-
duced version of the dynamic programming algorithm and wayapto synthetic

and real data.

1 Introduction

Change-points detection tasks are pervasive in variouwsfiednging from audio [10] to EEG seg-
mentation [5]. The goal is to partition a signal into sevdraiogeneous segments of variable
durations, in which some quantity remains approximatelystant over time. This issue was ad-
dressed in a large literature (see [20] [11]), where the lprabwnas tackled both from an online
(sequential) [1] and an off-line (retrospective) [5] paiof view. Most off-line approaches rely on a
Dynamic Programming algorithnD), allowing to retrieve/ change-points withim observations
of a signal with a complexity o (K n?) in time [11]. Such a feature refrains practitioners from
applying these methods to large datasets. Moreover, ogr ofiserves a sub-optimal behavior of
the rawDP algorithm on real datasets.

We suggest here to slightly depart from this line of reseabgshfocusing on a reformulation of
change-point estimation in a variable selection framewdfken, estimating change-point loca-
tions off-line turns into performing variable selection @mmmy variables representing all possible
change-point locations. This allows us to take advantagleeofatest theoretical [23], [3] and prac-
tical [7] advances in regression with Lasso penalty. Indeadso provides us with a very efficient
method for selecting potential change-pointlocationss $hlection is then refined by using thé
algorithm to estimate the change-point locations.

Let us outline the paper. In Section 2, we first describe oeorétical reformulation of off-line
change-point estimation as regression with a Lasso perfdlgn, we show that the estimated mag-
nitude of jumps are close in mean, in a sense to be precizedetwue magnitude of jumps. We
also give a non asymptotic inequality to upper-boundéh#oss of the true underlying piecewise
constant function and the estimated one. We describe oaritdm in Section 3. In Section 4, we
discuss related works. Finally, we provide experimental@vce of the relevance of our approach.



2 Theoretical approach

2.1 Framework

We describe, in this section, how off-line change-poinineation can be cast as a variable selection
problem. Off-line estimation of change-point locationghin a signal(Y;) consists in estimating
ther}’s in the following model:

Yi=pj+e, t=1,...,n suchthaty_; +1<t<7, 1<k<K*with7j =0, (1)

wheres, are i.i.d zero-mean random variables with finite variandgs problem can be reformulated
as follows. Let us consider:

whereY,, is an x 1 vector of observationsYX,, is an x n lower triangular matrix with nonzero
elements equal to one angd = (e},...,e")’ is a zero-mean random vector such that ¢l

are i.i.d with finite variance. As fof", it is an x 1 vector having all its components equal to
zero except those corresponding to the change-point itsstarhe above multiple change-point
estimation problem (1) can thus be tackled as a variabletsaheone:

Miniize |Y;, — X7 subjectto]|g]; < s, (3)
where||u|, and|u|, are defined for a vectar = (u1,...,u,) € R™ by [lulli = 277, |ujl
and [[ull; = n~" 377, u} respectively. Indeed, the above formulation amounts tdmiire the

following counterpart objective in model (1):

n n—1

1 .
Minimize — g (Y; — )®  subject to g lper1 — | < s, 4)
: n
t=1 t=1

which consists in imposing afi -constraint on the magnitude of jumps. The underpinningyits

is the sparsity-enforcing property of tle-constraint, which is expected to give a sparse vector,
whose non-zero components would match with thosg"o&ind thus with change-point locations.
It is related to the popular Least Absolute Shrinkage eSOME_ASSO) in least-square regression
of [21], used for efficient variable selection.

In the next section, we provide two results supporting the efsthe formulation (3) for off-line
multiple change-point estimation. We show that estimafgarops minimizing (3) are consistent
in mean, and we provide a non asymptotic upper bound fofshess of the underlying estimated
piecewise constant function and the true underlying pigsmfunction. This inequality shows that,
at a precized rate, the estimated piecewise constant fimtgnds to the true piecewise constant
function with a probability tending to one.

2.2 Main results
In this section, we shall study the properties of the sohgiof the problem (3) defined by
5 = Avgmin { ¥ — X8I+ IS } (5)

Let us now introduce the notation sign. It maps positiveyettdrl, negative entry to -1 and a null
entry to zero. Let

A={k, Bp #0}andA = {1,...,n}\A (6)
and letC™ the covariance matrix be defined by
C"=n"'X!X, . (7)

In a general regression framework, [18] recall that, witbhability tending to one@"()\) andg”
have the same sign for a well-chosgronly if the following condition holds element-wise:

|C% (Clia)~tsign(ah)] < 1, (8)

whereC?7; is a sub-matrix of£™ obtained by keeping rows with index in the $eind columns with
index inJ. The vectord’, is defined by3”; = (8}})rea. The condition (8) is not fulfilled in the



change-point framework implying that we cannot have a pedstimation of the change-points as
it is already known, see [13]. But, following [18] and [3], vean prove some consistency results,
see Propositions 1 and 2 below.

In the following, we shall assume that the number of breaksas equal ta<™.

The following proposition ensures that for a large enoudoe/®f »n the estimated change-point
locations are close to the true change-points.

Proposition 1. Assume that the observatio(is,) are given by(2) and that the:="'s are centered.
If X = )\, is such that\,\/n — 0 asn tends to infinity then

IE(B"(An)) = 8" |ln — 0.

Proof. We shall follow the proof of Theorem 1 in [18]. For this, we dém/5"()\) the estimator

4™()\) under the absence of noise ang{ ) the bias associated to the Lasso estimatqii\) =
B™(\) — B™. For notational simplicity, we shall writg instead ofy,,()\). Note thaty satisfies the
following minimization:y = Argmin;cg. f(¢) , where

FQO=CCC+ADIBE+ Gl + 2D 1l -
ke A keA
Sincef(v) < f(0), we get
YO YA IBE el +AD Il <A1
ke A ke A ke A
We thus obtain using the Cauchy-Schwarz inequality thefatg upper bound

n 1/2
YO Y <Al < AVER <Z |7k|2> -
k=1

keA
Using thaty’C"y > n=! 371, |y%|?, we obtain:||y|, < AVnK*. O

The following proposition ensures, thanks to a non asyngtesult, that the estimated underlying
piecewise function is close to the true piecewise constarttfon.

Proposition 2. Assume that the observatiofls, ) are given by(2) and that thes’’s are centered iid
Gaussian random variables with varianeé > 0. Assume also thd3}) ) e.4 belong to( Bmin, Smax)
whereBmin > 0. Foralln > 1 and A > /2 then, with a probability larger than — n1=4°/2, if

An = Aoy/logn/n,
3 , [logn
(3" (h) = )2 < 20017 B

Proof. By definition ofB"(/\) in (5) as a minimizer of a criterion, we have
1Ys = XaB8" I3 + MBI < Y0 = XaB" [ + X181 -
Using (2), we get
. 2 . n . n
1 (8" = B D)7 + = (8" = B (\) Xpen + A Y 1BV <AD 157
j=1

J=1

Thus,
. 2 . . R
1Xn (8" = B (M) < —(0" () ~ B Xen + A (1871 = 187D = A D 187N -
JEA jeA
Observe that

2 (B0~ Y Xpen = 2 () — ) (% > ) .

J=1



Let us define the evedt = ;_, {n*l ‘Z?:j a?‘ < )\}. Then, using the fact that th&'s are iid
zero-mean Gaussian random variables, we obtain

_ n - n2)\2
P€) < Z ZE > A <Zexp< m)

7j=1

Thus, if A = \,, = Ao+/logn/n,

P(E) < nl=A7/2
With a probability larger tham — n!=4°/2, we get
1Xn (8™ = B O)7 < X D187 = 871+ A D (IBF1 = 187 — X Y 1871 -
j=1 jeA jeA
We thus obtain with a probability larger than- nt=4’/2 the following upper bound

1Xu(8" = 3" QDI < 20 3 18] = 240/ = o Z 87| < 2AaﬁmamK*./1°g”

jeA

3 Practical approach

The previous results need to be efficiently implemented feasith finite datasets. Our algorithm,
calledCachalot (CAtching CHANge-points with LassO), can be split into tb#édwing three steps
described hereatfter.

Estimation with a Lasso penalty We compute the firsk'max non-null coefficientgéﬁ e, Bmmax
on the regularization path of the LASSO problem (3). The LIW&3SO algorithm, as described in
[7], provides an efficient algorithm to compute the entirgularization path for the LASSO problem.
Since)_ |3;] < s is a sparsity-enforcing constraint, the $gt Bj # 0} = {r;} becomes larger as
we run through the regularization path. We shall denoté llye K nax-selected variables:

S:{Tla---aTKmax}- (9)

The computational complexity of thé&(yaclong regularization path of LASSO solutions is
O(K32 o+ K2an). Most of the time, we can see that the Lasso effectively estthe true change-
point but also irrelevant change-points at the vicinity lné true ones. Therefore, we propose to
refine the set of change-points caught by the Lasso by peirigranpost-selection.

Reduced Dynamic Programming algorithm One can consider several strategies to remove ir-
relevant change-points from the ones retrieved by the La&swong them, since usually in appli-
cations, one is only interested in change-point estimatjprto a given accuracy, we could launch
the Lasso on a subsample of the signal. Here, we suggestftrmpguost-selection by using the
standard Dynamic Programming algorithBR) thoroughly described in [11] (Chapter 12, p. 450)

but on the reduced sét instead of{1,...,n}. This algorithm allows one to efficiently minimize
the following objective for eacl in {1, ..., Kmax}:
K Tk
JE)= Min Y > (Vi) (10)

T1<-<TK

stry,..., Tk €S k=1 i=Tp_1+1
S being defined in (9) and outputs for eacéh, the corresponding subset of change-points
(71,...,7x). The DP algorithm has a computational complexity Of Kmaxn?) if we look for
at most K nax change-points within the signal. Here, our redu@l calculations (DP) scales
as O(Kmax K?2,) Where Knma is the maximum number of change-points/variables selebted
LAR/LASSO algorithm. Since typically{max < n, our method thus provides a reduction of the
computational burden associated with the classical changts detection approach which consists
in running theDP algorithm over all the: observations.



Selecting the number of change-points The point is now to select the adequate number of
change-points. As — oo, according to [15], the ratip, = J(k + 1)/J (k) should show different
qualitative behavior wheh < K* and whenk > K*, K* being the true number of change-points.
In particular,p,, > C,, for k > K*, whereC,, — 1 asn — oo. Actually we found out tha€’,, was
close tol, even in small-sample settings, for various experimengsighs in terms of noise variance
and true number of change-points. Hence, conciliatingrétezal guidance in large-sample setting
and experimental findings in fixed-sample setting, we suggegollowing rule of thumb for select-

ing the number of change-poinks: K = Ming>; {px > 1 — v}, wherep, = J(k +1)/J (k).

Cachalot Algorithm
Input

e \ector of observation¥” € R"
e Upper bound<max 0N the number of change-points
e Model selection threshold

Processing

1. Compute the firskmax non-null coefficientg 3, ..., 3., ) on the regularization path
with the LAR/LASSO algorithm.

2. Launch theDP algorithm on the set of potential change-poifits . . ., 7k, )-

3. Select the smallest subset of the potential changegieint . . , 7x,.,) selected by theDP
algorithm for whichp,, > 1 — v.

Output Change-point locations estimatgs.. .., 7.

To illustrate our algorithm, we consider observatio(¥,) satisfying model (2) with
(B30, B50, B0, Bao) = (5,—3,4,—2), the otherg; being equal to zerap = 100 ande,, a Gaus-
sian random vector with a covariance matrix equal to Id, lshdp@ n x n identity matrix. The
set of the first nine active variables caught by the Lassogatba regularization path.e. the set
{k,Bk # 0} is given in this case byS = {21, 23, 28,29, 30, 50,69, 70,90}. The setS contains
the true change-points but also irrelevant ones close ttrileechange-points. Moreover the most
significant variables do not necessarily appear at the begin This supports the use of the re-
duced version of th®P algorithm hereafter. Table 1 gathers thek'), K = 1,..., Kmax and the
correspondingry, . .., 7k ).

Table 1: Toy example: The empirical riskand the estimated change-points as a function of the
possible number of change-poirits

K J(K) (F1,...,7TK)

0 | 696.28 0

1| 249.24 30

2 | 209.94 (30,70)

3 | 146.29 (30,50,69)

4 | 120.21 (30,50,70,90)

5 | 118.22 (30,50,69,70,90)

6 | 116.97 (21,30,50,69,70,90)

7 | 116.66 (21,29,30,50,69,70,90)

8 | 116.65| (21,23,29,30,50,69,70,90)

9 | 116.64 | (21,23,28,29,30,50,69,70,90)
The different values of the ratig, for £ = 0, ..., 8 of the model selection procedure are given in

Table 2. Here we took = 0.05. We conclude, as expected, tHat= 4 and that the change-points
are(30, 50, 70, 90), thanks to the results obtained in Table 1.

4 Discussion

Off-line multiple change-point estimation has recentlyaiged much attention in theoretical works,
both in a non-asymptotic and in an asymptotic setting by gid [13] respectively. From a practi-
cal point of view, retrieving the set of change-pointlooat{r}, ..., 7% } is challenging, since itis



Table 2: Toy example: The values of the ratig = J(k +1)/J(k), k=0,...,8)

k|0 |1 |2 |3 |4 |5 |6 |7 |8
pr | 0.3580 0.8423| 0.6968| 0.8218| 0.0834] 0.9894] 0.9974 0.9999| 1.0000

plagued by the curse of dimensionality. Indeed, all ofitta@bservation times have to be considered
as potential change-point instants. Yet, a dynamic prograng algorithm DP), proposed by [9]
and [2], allows to explore all the configurations with a coaxay of O(n?) in time. Then selecting
the number of change-points is usually performed thanks $ctawarz-like penalty,, K, where

A has to be calibrated on data [13] [12], or a pendit{e + blog(n/K)) as in [17] [14], where

a andb are data-driven as well. We should also mention that an amitriderature tackles both
change-point estimation and model selection issues fromya®an point of view (see [20] [8] and
references therein). All approaches cited above relYpBn or variants in Bayesian settings, and
hence yield a computational complexity ©{n?), which makes them inappropriate for very large-
scale signal segmentation. Moreover, despite its thealatiptimality in a maximum likelihood
framework, rawDP may sometimes have poor performances when applied to vesy nbser-
vations. Our alternative framework for multiple changérmp@stimation was previously elusively
mentioned several times, e.g. in [16] [4] [19]. However umpto knowledge neither successful
practical implementation nor theoretical grounding wasgegiso far to support such an approach
for change-point estimation. Let us also mention [22], veltbe Fused Lasso is applied in a simi-
lar yet different way to perform hot-spot detection. Howetkis approach includes an additional
penalty, penalizing departures from the overall mean obtheervations, and should thus rather be
considered as an outlier detection method.

5 Comparison with other methods

5.1 Synthetic data

We propose to compare our algorithm with a recent methodbasa penalized least-squares crite-
rion studied by [12]. The main difficulty in such approactethie choice of the constants appearing
in the penalty. In [12], a very efficient approach to overcdhig difficulty has been proposed: the
choice of the constants is completely data-driven and has lmeplemented in a toolbox available
online athttp://www.math.u-psud.fr/lavielle/programs/index. html .

In the following, we benchmark our algorithnA together with the latter method3. We shall
use Recall and Precision as relevant performance measuneslyze the previous two algorithms.
More precisely, the Recall corresponds to the ratio of ckagmgjnts retrieved by a method with
those really present in the data. As for the Precision, itesponds to the number of change-points
retrieved divided by the number of suggested change-pdivitsshall also estimate the probability
of false alarm corresponding to the number of suggestedgehpnints which are not present in the
signal divided by the number of true change-points.

To compute the precision and the recall of methddsdB, we ran Monte-Carlo experiments. More
precisely, we sampled 30 configurations of change-poimntsdoh real number of change-poiffs
equal to 5, 10, 15 and 20 within a signal containing 500 olat@ms. Change-points were at least
distant of 10 observations. We sampled 30 configurations\al$ from a Gaussian distribution.
We used the following setting for the noise: for each configjon of change-points and levels,
we synthesized a Gaussian white noise such that the staddwaiation is set to a multiple of the
minimum magnitude jump between two contiguous segmeetsgi= m Ming (uj, — pf), 1y,
being the level of thé&th segment. The number of noise replications was set to 10.

As shown in Tables 3, 4 and 5 below, our mettfogields competitive results compared to method
B with 1 — v = 0.99 and Kmax = 50. Performances in recall are comparable whereas method
provides better results than methB®dn terms of precision and false alarm rate.

5.2 Realdata

In this section, we propose to apply our method previouségdbed to real data which have already
been analyzed by Bayesian methods: the well-log data whieldescribed in [20] and [6] and



Table 3: Precision of methodsandB

K*=5 K* =10 K*=15 K* =20
Method A B A B A B A B
m =0.1 | 0.81+£0.15 0.710.29 0.89+-0.08 0.8:0.22| 0.95+-0.05 0.86:0.13 0.97+0.03 0.910.09
m=0.5 | 0.8£0.16 0.73:0.29 0.89+-0.08 0.8:0.21| 0.95+0.05 0.86:0.13 0.9740.03 0.92:0.09
m=1.0 | 0.78:£0.17 0.710.27 0.88+:0.09 0.78:0.21 0.93+0.06 0.85:0.13 0.96+0.04 0.9:0.09
m=1.5 | 0.73£0.19 0.66:0.28 0.84+-0.1 0.79:0.2 | 0.93+:0.06 0.84:0.13 0.95+0.04 0.9:0.1

Table 4: Recall of methods andB

K*=5 K*=10 K*=15 K*=20
Method A B A B A B A B
m = 0.1 | 0.99£0.02 0.99-0.0Z2 140 1+0 0.99+0 0.99%-0 0.99%0 1+0
m = 0.5 | 0.98:£0.04 0.99:0.03 0.99+-0.01 0.99-0.01 0.99+0.01 0.99:0.01 0.99+0.01 10
m =1.0 | 0.95£0.08 0.94:-0.08 0.96+0.06 0.96:0.03 0.97+0.03 0.97A40.04 0.974+0.03 0.98:0.02
m=1.5 | 0.85:£0.16 0.870.15 0.92+0.07 0.910.09 0.94+-0.06 0.94:-0.06 0.95+0.04 0.96:0.04

Table 5: False alarm rate of methodlsndB

K*=5 K* =10 K*=15 K* =20
Method A B A B A B A B
m =0.1 | 0.13£0.03 0.23:0.2 | 0.24+:0.03 0.33:0.19 0.34+:-0.02 0.42-0.13 0.44+0.02 0.51%0.12
m = 0.5 | 0.13£0.03 0.22:0.2 | 0.23+0.03 0.32:0.18 0.33+:0.02 0.410.13 0.44+0.02 0.5:0.11
m=1.0 | 0.13£0.03 0.210.18§ 0.23+0.03 0.32-0.18 0.33+0.02 0.4:0.13 | 0.43+0.03 0.5:0.12
m=1.5 | 0.13£0.03 0.21#0.2 | 0.23+0.03 0.29:0.16 0.31+0.03 0.4t0.15| 0.42+0.03 0.48:0.11

displayed in Figure 1. They consist in nuclear magneticarsp measurements expected to carry

information about rock structure and especially its dicattion.

One distinctive feature of these data is that they typicadiytain a non-negligible amount of outliers.

The multiple change-point estimation method should thg¢gheebe used after a data cleaning step

(median filtering [6]), or explicitly make heavy-tailed sei distribution assumption. We restricted
ourselves to a median filtering pre-processing. The regiuen by our method applied to the well-
log data processed with a median filter are displayed in Eiguor K max = 200 and1 — v = 0.99.
The vertical lines locate the change-points. We can notelilest are close to those found out by [6]
(P. 206) who used Bayesian techniques to perform changaspétection.
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Figure 1: Left: Raw well-log data, Right: Change-pointsdtiens obtained with our method in
well-log data processed with a median filter
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Conclusion and prospects

We proposed here to cast the multiple change-point estmais a variable selection problem. A
least-square criterion with a Lasso-penalty yields aniefficprimary estimation of change-point
locations. Yet these change-point location estimates eafutther refined thanks to a reduced
dynamic programming algorithm. We obtained competitivégrenances on both artificial and real
data, in terms of precision, recall and false alarm. Tl@eghalot is a computationally efficient
multiple change-point estimation method, paving the waypfocessing large datasets.
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